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AL | D-vSF-L-ZNA
MATHEMATICS
Paper 1
Time Allowed : Three Hours Maximum Marks : 200
INSTRUCTIONS

Candidates should attempt Questions No. 1 and
5 which are compulsory, and any THREE of the
remaining questions, selecting at least ONE

question from each Section.

All questions carry equal marks.

Marks allotted to parts of a question are
indicated against each.

Answers must be writtén in ENGLISH only.

Assume suitable data, if considered necessary,
and indicate the same clearly.

Unless indicated otherwise, symbols & notations
carry their usual meaning.

SECTION A

1. Answer any four of the following :

(a) Let V be the vector space of 2 x 2 matrices over
the field of real numbers K. Let

= {A € V| Trace A = 0}. Show that W is a
- subspace of V. Find a basis of W and dimension
of W. _ | 10
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(b) Find the linear transformation from R? into R3
which has its range the subspace spanned by
(1, 0, -1), (1, 2, 2). 10

(¢) Show that the function defined by

X3+y3

fix,y)=43 X—¥

» XFY

0, X=Yy

is discontinuous at the origin but possesses
partial derivatives f_and fy thereat. 10

LN

(d) Let the function f be defined by
0, for t<O0
f{it)y =<¢t, for O0<t<1

4, for t>1.

X
(i) Determine the function F(x) = I £(t) dt.
0

(i1) Where is F non-differentiable ? Justify your
answer. 10

(e) A variable plane is at a constant distance p from
the origin and meets the axes at A, B, C. Prove
that the locus of the centroid of the tetrahedron
OABCisj—+i+i=E

x* y? 2? p2 10
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(b)

(c)

(d)

(a)

(b)

(c)

Let V=1Ikxv, 2 ue R :y+z+u=0},
*W:{(x,y,z,u)eR4:x+y=0,z=2u}
be two subspaces of R*. Find bases for V, W,

V+Wand VN W,

Find the characteristic polynomial of the matrix

(3 1 1)
Al 2 4 2
-1 -1 1

and hence compute Al

1 -3 3}
LetA-.: 0_ -5. 6|
0 -3 4

Find an invertible matrix P such that P"'AP is a
diagonal matrix.

10

10

10

Find an orthogonal transformation to reduce the

quadratic form 5x% + 2y% + 4xy to a canonical
form.

Show that the equation 3* + 4* = 5% has exactly
one root. .

Test for convergence the integral I xe ™ dx.

0
Show that thé area of the surface of the sphere
x2 + y2 + 22 = a® cut off by x2 +y2 =ax is

2n — 2)aZ.

10

12
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(d) Show that the function defined by

f(x,y,z)-—3log(x2+ 2+zz)~2x2—-23—223,
y y
(xr Y: Z) 7 (Or Oa 0)

has only one extreme value, log (%)
e

4. (a} Find the equation of the right circular cylinder of
radius 2  whose axis is the line
x-1 y-2 z=3

2 1 2 10

(b Find the tangent planes to the ellipsoid

— 4+ T 4 % = 1 which are parallel to the

plane {x + my + nz = 0. 10

(¢} Prove that the semi-latus rectum of any conic is a
harmonic mean between the segments of any
focal chord. 8

(d) Tangent planes at two points P and Q of a

- paraboloid meet in the line RS. Show that the
plane through RS and middle point of PQ is
parallel to the axis of the paraboloid. 12
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- SECTION B

5. Answer any four of the following :

(a) Find the family of curves whose tangents form an

“angle /4 with hyperbelas xy = c. 10
(b) Solve: '
2 .
d—% - Ztanxg-'z + By = sec x . e,
dx _ dx _ 10

(¢) The apses of a satellite of the Earth are at
distances r, and r, from the centre of the Earth.
- Find the velocities at the apses in terms of r; and

ro. 10
(d) A cable of length 160 meters and weighing 2 kg
per meter is suspended from two points in the
same horizontal plane. The tension at the points
of support is 200 kg. Show that the span of the

cable is 120 cosh™! (%) and also find the sag.

10
(e) Evaluate the line integral
. § (sin x dx + y?dy — dz), where C is the circle
.C | ' _
' X2 + y2 = 16, z = 3, by using Stokes’ theorem. 10
6. (a) Solve :
2 2
p“ + 2 py cot x = y°,
) dy
where p= —.
P= ax | 10
(b) Solve -
(x*D* + (:’.:{3_]33 + 9x°D? + 3xD + 1ly =(1 + log x)?,
where D = *(-1-—
dx 15
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(c) Solve : -
(D* + D? + 1)y = ax? + be™ sin 2x,
d

where D = — .
: dx 15

7. (a} One end of a uniform rod AB, of length 2a and
weight W, is attached by a frictionless joint to a
smooth wall and the other end B is smoothly
hinged to an equa! rod BC. The middle points of
the rods are connected by an elastic cord of

natural length a and modulus of elasticity 4W.
Prove that the system can rest in equilibrium in
a vertical plane with C in contact with the
wall below A, and the angle between the rod is

2 sin™! (ﬁ) _
4 13

(b} AB is a uniform rod, of length 8a, which can
turn freely about the end A, which is fixed. C is
a smooth ring, whose weight is twice that of the
rod, which can slide on the rod, and is attached
by a string CD to a point D in the same
horizontal plane as the point A. If AD and CD
are each of length a, fix the position of the ring
and the tension of the string when the system is
in equilibrium.

Show also that the action on the rod at the

fixed end A is a horizontal force equal to V3 W,
where W is the weight of the rod. 14
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(e)

. (a)

(b)

A stream 1is fushing from a boiler through a
conical pipe, the diameter of the ends of which
are D and d; if V and v be the corresponding
velocities of the stream and if the motion is:

~supposed to be that of the divergence from the

vertex of cone, prove that

v D2 (vz-vz)/zx
v gE*

where K is the pressure divided by the density
and supposed constant. 13

Find the curvature, torsion and the relation
between the arc length S and parameter u for
the curve :

—
T

- " A 9 A
= r(u) =2logui + 4uj + (2u” + 1k 10
Prove the vector identity :

5
curl (f x g) = f div

. - A A A
and verify it for the vectors f =xi1 +zj + yk

A A

and_g}=yi+zk. 10
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(¢} Verify Green’s theorem in the plane for

§ [(38x2 - 8y?)dx + (dy ~ 6xy)dy],
C

where C is the boundary of the region enclosed by

the curves y = \/; and y = x2. 10

(d) The position vector T of a particle of mass
2 units at any time t, referred to fixed origin and
axes, is

A A 1 A
T=2o200 + [21241)] + 1 £ k.
2 2
At time t = 1, find its kinetic energy, angular
momentum, time rate of change of angular
momentum and the moment of the resultant

force, acting at the particle, about the origin. 10
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INSTRUCTIONS

Candidates should attempt Question Nos. 1 and 5
which are compulsory, and any THREE of the
remaining questions, selecting at least ONE question
from each Section.

All questions carry equal marks.

The number of marks carried by each part of a
question is indicated against each.

Answers must be written in ENGLISH only.

Assume suitable data, if considered necessary, and
indicate the same clearly.

Symbols and notations have their usual meanings,
unless indicated otherwise.

Section—A

1. Answer any four parts from the following :

fa} Let G be a group, and x and y be any
two elements of G. If y5 =e¢ and

yxy ' =x?, then show that Qfx) =31,

where e is the identity element of G
and x = e. 10
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(b) Let Q be the set of all rational numbers. ~
Show that

QW2)={a+bJy2:a, be O

1s a field under the usual addition and
multiplication. 10

fc) Determine whether
fix}=2xsin L —CO0S 1
x X

is Riemann-integrable on [0, 1] and
justify your answer. 10
(d) Expand the function

_ 222 +11z
Ja = (z+1)(z+4)

in a Laurent’s series valid for 2 < |zf<3. 10

(e} Write the dual of the linear
programming problem (LPP) :
Minimize Z =18x; +9x, +10x5
subject to
X) +Xxp +2x53 230
2xy+ x5 215
Xy, Xp, X3 20

Solve the dual graphically. Hence obtain
the minimum cbjective function value of
the above LPP. 10

2. (a} Let G be the group of non-zero complex
numbers under multiplication, and let
N be the set of complex numbers of
absolute value 1. Show that G/ N is
isomorphic to the group of all positive
real numbers under multiplication. 13
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(b) Let the function f be defined by

f(x}:-—lT, when --—1—<x5—-1—-

2t+1 2t

t=0,1,2,3,..)

fQ=0
Is f integrable on [0,1]? If f
integrable, then evaluate j; f dx.

s

{c) Sketch the image of the infinite strip
l<y<2 under the iransformation

1
w= =,
z
3. (a) Examine the convergence of
J‘m dx
O (1+xWx

and evaluate, if possible.

14

13 .

(b) Let G be a group of order 2p, p prime.
Show that either G is cyclic or G is
generated by {a,b} with relations

aP? =e=b% and bab=a" L.

13

{c¢) Reduce the feasible solution x; =2,
X, =1, x5 =1 for the linear programming

problem
Maximize Z = x; +2x9 +3x3
subject to
X — Xy +3x3 =4
2x; + Xy +x3 =6
Xy, X5, X3 20

to a basic feasible solution.
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4. (a} Evaluate
”1}4x2 -y2 dx dy

over the triangle formed by the straight
lines y=0, x=1, y=x.

{b) State Cauchy’s residue theorem. Using
it, evaluate the integral

ez/2

dz
IC (z+2)(z2% -4

counterclockwise around the circle
C:lz+1|=4.

{c) A steel company has three open-hearth
furnaces and four rolling mills. Trans-
portation costs (rupees per quintal) for
shipping steel from furmaces to rolling
mills are given in the following table :

M, M, M, M, S4PY

(quintals}
F 29 40 60 20 7
Fy 80 40 50 70 10
Fs 50 18 80 30 18
Demand
(quintals) 8 8 15

Find the optimal shipping schedule.
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Section—B

5. Answer any four parts from the following :

(a) Reduce the equation

2 2 2
0 zZ d“z +8 Z _o
ax2 axay ay2

to its canonical form and solve. 10

(b) For the data

X : 0 1 2 5
fixy .2 3 12 147
- find the cubic function of x. 10

(c) Solve by Gauss-Jacobi method of
iteration the equations

27x+6y—z =285
6x+15y+2z="72
x+y+54z=110

(correct to two decimal places) 10

{d) Find the Lagrangian for a simple
'pendulurn and obtam the equation
describirnig its motlon 10

(e} With usual notations, show that ¢ and y
for a uniform flow past a stationary
cylinder are given by

2
¢:=Ucose[r+i—)

r

) _
. a
1|J=U51n9(r—-:—) 10
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6. (a)

(b)

(c)

A uniform string of length [ is held fixed
between the points x =0 and x =1 The
two points of trisection are pulled aside
through a distance € on opposite sides
of the equilibrium position and is
released from rest at time t=0.

Find the displacement of the string at
any latter time ¢ > 0.

What is the displacement of the string
at the midpoint?

Draw a flow chart to declare the results
for the following examination system :

60 candidates take the examination.

Each candidate writes one major and
two minor papers.

A candidate is declared to have passed
in the examination if he/she gets a
minimum of 40 in all the three papers
separately and an average of S0 in all
the three papers put together.

Remaining candidates fail in the
examination with an exemption in major
if they obtain 60 and above and
exemption in each minor if they obtain
50 and more in that minor.

Find the smallest positive root of the
equation x® —-6x+4 =0 correct to four
decimal places using Newton-Raphson
method. From this root, determine the
positive square root of 3 correct to
four decimal places.
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(b)

(c)

(b)

For a steady Poiseuille flow through a
tube of uniform circular cross-section,
show that

w(R)=1(£J (a® - R?)
4\ u

Find the complementary function and
particular integral of the equation
0x?  9y?

The velocity of a particle at time t is as
follows :

t(seconds} : 0 2 4 6 8 10 12
vimfsec) : 4 6 16 36 60 94 136

Find its displacement at the 12th
second and acceleration at the 2nd
second.

From a uniform sphere of radius a, a
spherical sector of vertical angle 2o is
removed. Find the moment of inertia of
the remainder mass M about the axis of

symmetry.

Draw a flow chart to solve a quadratic
equation with non-zero coefficients. The
roots be classified as real distinct, real
repeated and complex.

16

12

12

14

12
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fc} Is
K20 -yi)
4= 5
X +y
a possible velocity vector of an
incompressible fluid motion? If so, find
the stream function and velocity
potential of the motion. 14

* k&
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