
lt 'S-2(103 

t MATHEMATICS 
ＭＭＭ ｟ ＢＢＺＡＢＧｬ ｊｩｵ ＢＺＢＺＧ ｾＺｌ ｾ Ｂｾ Ｇ＠ Ａ ＧＡＢ ｣ＮＮ ｾ ＬＮ ＢＡＺＧ Ｌ｟ ＬＬ ＬＬ ｾ ＬＬ ＢＧＡＢＧＢＧＺ ＬＮＬ ＭＺＭＭ Ｌ ＭＭＺ［ＮＮＭ Ｌ Ｍ ' '· " . HL • 

I. Answer any !bur of the following: 

PAPER · I 

SECTION A 
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1. 

(a) Let Y P3(R) be the vector space <1f polynomial functions on reals of degree at most 3. Let D: 
V ...., Y be the differenrion operator defined by 

D(a., + ｡Ｌｾﾷ Ｋ＠ ｡ｾＬＯ＠ • ｡ ｾ ｬＧＧＩ＠ • " ' + Ｒ｡ｾｙ＠ + 3a..,.' 

(i) Show that Dis a linear transformation 

(ii) Find kemel and image of D. 

(i ii} What are dimensions ofV, ker D and imageD? 

(iv) Give relation among them of {iii) . (tO) 

(b) Find the eigen values and the corresponding eigen vectors of A = ( ｾ＠ ｾ Ｒ Ｉ＠ ( 10) 

I c) Le.t f. g . (a. b)-> IR be functions such that P(x) and g'lx) exist for all x e [a. b] and g'(x) r- 0 
for all x in (a. b). Prove that for some c <' (a. b) 

/I<J- fln) _ {'(c) 
g(bl - b'(cl- g '(c) 

(d) Let f IR2 ｾ ｌｒ＠ be defined by 
2 

fl>;, y ) = -fLr for (x,y) .-(0,0) 
X +y 

= 0 for(x. y) = (0. 0) 

( 10) 

Show that the partial derivatives 0 1 f(O, 0) and 0 1 f(O, 0) vanish but f is not diffe rentiable at 
(0, 0). 

( I OJ 

(e) A line makes angles a , ｾＭ y, 6 with the four diagonals of a cube. Show that 

(10) 

2 (a) Show that the vectors ( I. 2, 1). (I. 0. -I) and (0. -3, 2) form a basis for R<' > 

( 10) 

(b) Determine non-si.ngular matrices P and Q such d1at t11e mauix PAQ is in canonical fonn, 
wbere 



(
5 3 14 4) 

A= 0 1 2 1 
1 -1 2 0 

Hence find the rank of A. 

(o\ Find the. minimum polynomial of the matrix 

"'=(i i ｾ ＩＮ＠l2 2 l 

and use it to delemtine whether A is similar to a diagonal matriK 

(d) Show thauho quadratic form 

2x,-4xy + Jxy • 6y2 
• 6yz + Sz' 

ill three vruiables is positive definite. 

:! of'S 

(10) 

( 10) 

( 10) 

3 (a) Let ＨｻｸＩ ｾ ･＠ ,,- (x #O) 

= Oforx= O 

4. 

Show dtat f'(O) = 0 and f ' (O) ｾ＠ 0. 

Write ＡＧｾＧ＠ (x) as P l; )ft.,·) for x ｾ＠ 0, where Pis a polynomial and tl 01 denotes the kd' 

derivation of r. 
( 10) 

(b) Using Lagrange multipliers. show that a rectangular box with lid of volume 1000 cubic units 
and of least surface area is a cube of side I 0 units. 

(10) 

(c\ Show that the area of tha surface of the soli d obtained by revolving the arc of the curve y ｾ＠ c 

cosh j ｾ Ｉ＠ joioing(O. c) and Cx. y) about the x-axls is 

( 1 (I) 

(d) Definer (0, :<>) Ｍ ｾ＠ IR by 

(a) 

r(.r) ｾ ｦＮＮ ＬＨＧ＠ '• ' tit . Show that this imegral converg:es for all x > 0 and that f'(x ｾ＠ I)= x r(x). 

(1 0) 

Sbow that the equation .Jft + Jiii- ｾ＠ ｾ＠ 0 represents a cone that ｴｯｵ｣ｨ･Ｎｾ＠ tl!e co-ordinate 
planes w1d UJat tl1e equation to its reciprocal cone ｩｾ＠

fyz + gzx ;- hxy = 0 

( 10) 

(b) Show that any 1wo generators belonging to the different system of generating lins of a 
hyperboloid of one shce1 Intersect. 

( 10) 



J of' S 
(c) Show 1hat the locus of a point from which lhree mutuall y perpendicular tangem Jines can be 

drawn 10 !he" paraboloid 

ax2 + b/+2z=Ois 

ab(x' + y2
) "' 2(a ｾ＠ b)z- I" 

( 10) 

I d) Show that the enveloping cylinder of the ellipsoid 

xa l z, ,-+ ＱＱＭｾＭ［ ｊ＠
a b c 

whose generators are parallel ro the line 

mecl the plane L. - ()in circles. 

( I (l) 

SECTION B 

5. 1\nswer any four of the following: 

6 

(a) Find tl1e ortbogonal trajectories of t11c family of co-axial c.ircles 

x2 + .j- ＲｾＢＧＢＢ＠ c = 0 

where g is a parameter 

(bl Find tli ree solulions of 

d3• d"y dy 
=--<. - 2-..- --2y = 0 <u'' dx" dx 

which are li nearly independent on ｾｶ･ ｲ ｹ＠ real inren<al. 

( 10) 

(10} 

(c) A partido moves wi th an acceleration wluch is always wwards, and equll! to ｾ ｴ＠ divided by !he 
distance froru. a lixed point 0. If it statts from rest at a distance u l'i·om 0, show lhat it wi ll 
anive ｾ ｴ＠ 0 in time 

( 10) 

(d) Show t11at the depth of tl1e t:entre of pressure of U1e area included be!\veen the arc and the 
asymptote of the curve 

Ｈ ｾ Ｍ ｡Ｉ＠ cosO =bis 2--3"" + lG& •I 
4 3nb+44 

the asymptote being in the sutface and the plane of the curve being vertical ( 10) 

(e) find expre.ssiMs lor curvature and torsion a1 a poi11t on the curve x - a cos 9 y - a sfn 9, z - a 

(a) 

9co•B (10) 

Solve and ｾ ﾷ •｡ ｭ ｩｮ･＠ lor singular solution 

y'- 2J).cy •· p'lx'- I) = m' 

( 10) 
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4 ol ｾ＠

( 10) 

(c) a;,,en y = xis one solutions of 

• Cx' + 11:_5 Ｍ ＲＮ ＼ｾ Ｋ＠ 2y = o. 

fi nd another li nearly independent solution by ｲ ･､ ｵ ｾｩｮｧ＠ order and wri te the !)Cneml sohnion. 

( 10) 

jd) Solve by Ute method of variati on of parameter$ 

(a) 

z 
ｾ ＭＫ＠ u'y =sec ｡ｸ Ｎｾ＠ Q is reaJ. 

( 10) 

A shell fired with velocity V at an elevation 9 hits au airship at a height b from the ground, 
which is moving, horizonmll y away from the guo ｜Ｇｾ ｴｨ＠ velocity v Show that if 

(2 V co.sO-v) ｉｴ ｴｾ＠ sin110-%gA J11:., u V sin 0 

the shell might have also hit the ship if the latter had remained stationary in tbe position it 
occupied when the j!Un was actually fi red ( I 0) 

lb) Assuming the. eccentricity e of a planet's orbit is a small fraction, show tllat the ratio of I he 
time rakcn by the planet to travel over the halves of Its orbit ｳ ｾｰ｡ ｲ｡ｴ･ ､＠ by the minor axis is 

ｾＭnearly I+- ( I 0) 
;T· 

(c) A uniform rod AB of length 2a is hinged at A, a stting anached to the middle point G of ｾ Ｑ｣＠
rod passes over a smooth pulley at C at a height a, vertically abo,•e A. and ｳｵ ｰｰ ｯ ｲｴＮ ｾ＠ a weight 
P having freely, rind the positions of eq\tili brium and detemtine their nature as to stabil ity or 
uostabili ty ( I 0) 

(d) A solid of cork bounded by the smface generated l)y the revolution of a c1uadrant of an ellipse 
about the major axis >inks in mercury up to the focus. If the centre of gravity of the cork 
coincides with the metaoentre. prove tl1at 2e'' ｾ＠ 4e3+ 2e2

- e - 2 = 0 ( 10) 

8 (a) If r is the position ve.ctor af thepoim (x, y. 2) wi th respect to ｾ Ｑ｣＠ origin, prove tltat 

'\!"fv· J = /lr H ?. f\r 1. 
r 

l' iod f(r) such ｴｨ｡ｵｾ Ｑ ｦ ＨｲＩ Ｚ＠ 0 

(b) If f. is solenoidal, prove that Curl Curl Curl Curl r.' = 9 'f.' 

(c) Veril)' Stoke's Theorem when 

P = (2 xy-x') I - V.4 - J")ci 

and C is the boundary of tl1c region oud osed by the parabolas i = x and x2 = y. 

(d) Express 'il" P and 'il'<l> in cylindrical co-ordinates, 

(tO) 

( 10) 

( I ll) 

( I 0) 
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2. 

MATHEMATICS 

ｐａｐｅｒ ｾ＠ II 

SECTION A 

... ｾﾷﾷﾷ＠

Answer an)' four parts' (I 0 x 4 = 40) 

Ia) Show that if every element of a group (G. *)be its own inverse, thenh is an Abeli an group. 
Give an ｣ｾ｡ｭｰ ｬ ･＠ to show tltauhe converse is oot true, 

(b) Evaluate 

[ : JJ (a ' - »2
- y2

)
112dr dy I 

over the posit! ve quadrant of the circle 

x:z + y2 :::: a_2 

(c) If w = f(z) = u(x, y) + iv (x. y), z = >< + iy, is analytic in a domain, show that 

dw =O 
a; 

Hence or ｯｴ ｨｾ ｴｷｩｳ･ Ｌ＠ show that sin (x + iJy) cannot be analytic 

(d) Investigate tbe continuity of rhe function [!\x) = ｨＬ｛Ａｸ｟ｬＧｾ ｲ ｟Ｚ Ｂ＠ 0 an<l flOJ ｾ＠

(e) 

(a) 

(i) Explain the following tenns of an 

LPP. 

I Solution 

2. Basicsolution 

3 Basic feasible solution 

4 , Degenerate basic solution 

(ii) Give the dual of the following LFP: 

MaximizeZ = 2x1 ..t. 3x: + XJ 

Subject to 4x1 + 3x2 + x, = 6 

'" + 2x, ﾷ ｾ＠ Jx1 = 4 

Let G ｾ＠ 1 a E R.: - I < a < I ). Define a binary operation* on G by 

a • b = !!..:!:.!:. tor a II a. b o: G 
I + ah 

Show that (G. *)is a group 

(13) 

(b) Let f(x) = lxl. x e [0, 3]. where [x) denotes the greatest integer not greater than x. Prove that f 
is Riemann integrable on [0, 3) and evaluate" 
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(i) 

( 13) 

Let (a, b} be any open interval, fa function defined and differwtiable on (a. b) such 
that irs denvative is bounded on (a. b). Show that Fis unifonnly continuous on (a. b). 

(u) If/i s a contiuuolL' funcuon on (a, b) and if 

f. r"txl rlx ｾ＠ 0 

then show that fix) ; 0 for all x in [a, b]. Is lllis true iff is not continuous? 

( 14) 

Let R be the set of rna trices of t·he form 

(6 :,b). a, b E F 

where F is a tleld Wlth usual addition and multiplication as binary operations. show that R is 
a commutalivering with unity. IS it a ficld ifF = Z2, Zs• 

(l4) 

(b) Discuss the uausfonuatjon 

ｗ］ＭｾＫＡ＠
z 

and hence. show that-

(i ) a c.ircle in z-plane is map.ped on an ellipse in the w-planc; 

(ii) a line in the z-plane is mapped into a hyperbola in the w-p)an<:. 

( 13) 

( c\ rind the Laurent series expansion of the function 

" flz J= z -l 
(z+2) (z+3) 

valid in the region 2 < lzl < 3 

( 13) 

4, (a) f'ind the maximum and minimum distances of ｾ Ｑ｣＠ point (3, 4, 12) from the sphere x1 I i I z2 

= 1 

(13) 

(b) f'l11d tl1e maximum value or ｺ ｾ＠ 2.< + 3y subject to the constraii1LS 
X Ｍｹｾ ｏ＠

ｸｾＮ＾ﾷｓＺｓｏ＠

y :!:3 
OSyS: 12 and 
O<xS:20 

by graphical method 

( 13) 

(c) t\pply simplex method to solve the following li near proe<ramming problem 

( 14) 

Maximize Z= 4x, + 3x, subject to I he constraints 



3xA + x2 5 15 
:J,r, + 4x, $ 24 
X 1 2: 0, ｘＬ｟ｾ＠ 0 

S Answer any four pans: 

SECTION B 

(a) Find the general solution of the partial differential equation 

ＨｭｺＭＬｩｊＧＩｾＫｶｵＭＴＩｾ＠ =ly-mx
1 

1 of'S 

(10x4= 40) 

( 1 0) 

(b) Fiod the cube root of 10 using Newtoo-Raphson method, correct lo 4 decimal places. 

6 

ｾ｣Ｉ＠ Apply modified Euler's method to determine y (0 I ), given that 

!!:t=x•+y 
dJ. 

wheny(O)= I 

(d) (i) Conven ABCD hex and 76543 ocUtl tO decimal 

(ii) Convert 39870 decimal to octal and hexadecimal. 

(a) 

is a possible fomt of boundary sutface of a liquid at time 1. 

Fomtthe partial difl'erential equarion by eliminati ng the arbitrary funcrion from 

(f.x' + y', • - ;ry) = 0, z = z (z, y!l 

(h) Solve 

ｾ］］Ｍ｣Ｇｬ､Ｒｵ＠
at ill' 

given tbat 

ti) u =0, when t =O for ali i 

(ii) u = 0 when x = I for aU t 

(I 0) 

( I 0) 

( I 0) 

( 10) 

( 13) 



7 (a) 

IJ:: ｾＭ

(iii) 
= 1-.r 

ＬＬ ｻｯＮ ｾ Ｉ＠

ｭ ＨｾＮｴＩ＠
1111: (I 

R of'S 

( 14) 

(o\ A md of length 2 a Is suspended by a string oflcngth I au ached to one ･ｮｾ＠ if the string <tnd 
md revolve about the vertical wilh uniform angular velooity and their inolinaJjons to lhc 
vertical be 6 and <1>- respectively, sho" thai 

31 (Han 9-31:an<o)sinc; 
-; - Ｏ ｴ｡ｮｾ ﾷ＠ tnn9l sin a 

(13) 

The velocilies or a car running on a ｳｾｲ｡ ｩｧＯＱＱ＠ road a1 intervals of2 ｭｩｭｵ｣Ｎｾ＠ ane given below. 

'rirne tin min1 : u 2 4 6 8 10 121 
Vcl tloity fl n km/brl; 0 22 BO 27 18 7 0 

ApJlly Simpson's one-third 1ule to find tbe distancecovert'tl by the. car 

( 13) 

(b) Consider the velocity field given by 

q -iit Ｍａｴ ＮＩｾ＠ fl 

Flnd the equation of the ｳｴｲ･｡ｭｬｦｮｾ＠ at t = ｴ ｾ＠ passing through tho point (xo . y,1) . Also, obtain 
the equarlon of the path line of a Uuid clement which comes lo (xo, yo) a1 t = to. Show that, of 
1\ = 0, the srreaml i ne and path I i ne coincide. 

(13) 

(c) Wri te a program in BASTC to integrate 

8. {a) 

r'"[ ·-') Jo ｊ Ｍ•Ｇ､ｾ＠

by trapezoidal rule for 20 equal sub-divisions of the interval ro. 10), Indicate which lines are 
to be changed for a difft>,·ent ime:gral. 

( 14) 

Draw a Oowchru1 .and write a program in llASJC for an algorithm to detem1ine the grt>,1test 
common divisor of two given positi ve intt>gers. 

( 13) 

(b) 1\pply Runge-Kutta method of order 4 to find an approximate value ofy when K = 0.2 given 
that 

ｾｾＮｲＫＩＧＮ ｙ ］Ｑ＠ whenx :0. 

( 14) 

(c) A uniform sphere roll s down an inclined plano rough enough to prevent any ｳ ｬ ｩ､ｬｮｾ＠ discuss , 
1he morion. Hence, show that for pure rolling I} (coefficient offriction) is greater than.:. tan 

7 

a for a solid sphere, where a the inclination of the plane. 

(13) 


