C.8.E-Mains 2003

MATHEMATICS l

Time Allowed: 3 lowers Maximum Marks: 300

Candidates should attempl Question Nos, | and 5 which are compulsory, and any three of the remaining
questions selecting at least one question from aach section

PAPER - |
SECTION A

B Attempt any five of the following:
{a)  Let S be any non empiy subset of a veclor space V over the field F
Show that the set (oo, raey s dayr, a0, & Fooom,, o, €Xone N is the subspace
generated by 8.
(12)
A
(by  IF A=|0 1 0|, then find the matrix represented by -
112
2AVCJOAY+ [4AR-RAT LAY F [SAVIIACHOAN A L]

(12}
(c) Let [ be areal function delined as follows,
fix)=x.-l=x<|
fix=D=x¥xeR
Show that [ is discontinuous at every odd integer.

id) For all real numbers x. [Ix) 1s given as:
. " Fosnx X<l
S )= ;
le=1l)y 4+x-2, x=(
Find value a and b or which [is difTerentiable ata x=11
£(x) g*rasing, £<0
; blx-1) +x-2 x=0
Find values of a and b for which T difTerentiable at x = ()
(12}
e} A vanable plane remains al a constant distance unity from the point (1, 0, 0} and cuts the co-
ordinate axes al A, B and C. Find the locus of the centre of the sphere passing through the
origin and the point A, B and €
(12}
() Find the equation of the (we sira:gm lines through the point (1. 1. I( that interseci the line x-4
=y =4) = 2(z-1) at an angle of 60"

(12)

b ia) Prove that the eigen vectors corresponding to distinet eigen values of a square matnx are
linearly independent,

(12)

(b) T H is a Hermitian matrix. then show that A=(H+i1)y' H-il) is a unitary matrix. Also show
that every unitary matrix can be expressed in this form. provided | 1s not an eigenvalue of A
(15)




(c)

8 <2 ¢
3 -1‘ then find a diagonal matrix D and a matns B such that A=BDB" where
-1 3

B’ denotes the transpose of H.

If 4«

|
-
-

(13)

()  Reduce the quadratic form given below o canonical form and find its rank and signature:
Ay L 98 L - 12yx 4 fex - dxy - 2xu - Gan
(13)
fa) A rectangular box. open al the top. is to have a volume of 4m’ using Lagrange’s method of
multipliers. find the dimensions of the box so that the martial of a given type required to
construct i may be least.
115y
(b)  Test the comverzence of the intearal:
@ [
B 1ea')
i sn' ¥
() [ =
{13)
{¢)  Evaluate the intezml : :. =i —
S
] g 115]
(d)  Find the volume generated by resolving the area, bounded by the curves (x” + da’)y = 8a°, 2y
= x, and x = 0, about the v-axis.
(15)
(a8)  Fmd the volume ol the tetrahedron formed by the four planes 1 ¢ my = nz = p, K = my = 0,
my+nz=0andnz+1x=10
{15)
(b) A sphere of constant vadius v passes through the ongm O and cuts the co-ordinate axes at A,
B and C. Find the locus of the fool of the perpendicular from O 1o the plane ABC.
(15)
(e} Find the equations of the Imes of miersection of the plane & = Ty — 57 and the cone 3xy - 14
2x— 30y =10,
(15)
(d)  Find the equations of the line of shorfest distance between the hnes:
vez=Lx=0andx —2= 1,y =0 as the miersection of two planes,
(15)
SECTION B
Attemp! any five out of the following:
{a)  Show that the orthogonal trajectory of a system of Tocal cllipses s self onthogonal,
(12)
(b)  Solve: x£1 viogy ="
: Tl
(15)
{e) A sphere of weight Woand radivs a hies within a hived spherical shell of radius b, A particle ol
weight w is fixed to the upper end of the vertical diameter. Prove thal the equilibnum is
stable if - 2=
(12)
(dy A particle deseribes the curve

t=all ‘coshB) (coshB-2)
under a force F to the pole. Show that the law of foree is F = 1r'
12y




fe)

in
{a)

(b}

fe)
(d)

{a)

(b}

(e)

)

fa)

(h)

9]

(d)

Show that if 2'. b’ and ¢' are the reciprocals to the non-coplanar vectors 4, b and ¢, then any
vector r may be expressed as r=(raa+ (Ph¥ -+ (rele

112
Prove that the divergence of a vector [ield s invariant w.r. to co-ordinate transformations.

(12)
Solve (D-D)y « e + conx + x'), where D = d/dx.

(13)

Solve the differential equation (px® = ¥°) (px =y) = (p + 1), where p = dv/idx, by reducing it
1o Clairaut’s form using suitable substitutions.

(15)
Solve: (1= x5y + (1 +x)y' +y =sin 2Z[log (1 = %)

(15)
solve the differential equation
Ny - dgy’ = By - x' see’x
by vanation of paramelers,

(15)

An elastic string of natural length a + b, where a = b, and modulus of elasticity A, has a
particle of mass m attached to it al a distance a firom one end which is fixed to a pomnt A of a
smooth horizental plane. The other end of the string is fixed to a point B so that the string is
just unstretched, If the particle be held at B and then released, find the penodic time and the
distance i which the particle will escillate to and fro.

(15)
I o particle shides down a smooth eyeloid, starting from o point whose arcual distance from
the vertex is b, prove that its spead at any bme U is. 2¢b/T sin(2xTT), where 1 is the time of
complete oscillation of the particle.

(15)
A ladder on a honzontal floor leans agamnst a vertical wall. The coefficients of friction of the
RAoor and the wall with the ladder are jpand piy respectively. If a man, whose weight is n times
that of the ladder. want to climb up the ladder. find the minimum safe angle of the ladder with
the Moo

(15)

An ellipse = ;— =1 1% immersed vertically in a fuid with i3 semi-axis of length a
horizontal. 16 s centre be at a depth b, find the depth of the centre of pressure.
(15)
Let the position vector of a particle maving on a plane curve be r(t), where t s the time. Find
the components of it aceeleration along the radial and transverse directions, |
(151
3 ; e » 8 d =d
f Vi = +24ds i 7}—4 -
Prove that identity VA" = 24 V)4 « 24+ (V - ) whereV = }a:“ b=

(15)
Find the radii of curvature and torsion at 4 point of intersection of the surfaces s~y = el y = %
tan hiz el

(15
Evaluate Hu:'uru.aﬂ - where 5 is the open surface x« yi-dasde ). = =0 and

4={y = F ez s -3t ) o (et ot 320N
(15)
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Candidates should attempt Question Nos, | and 5 which are compulsorv, and anv three of the remaiming
questions selecting at leas| one question from each section.

PAPER - I
SECTION A

1, Answer any five of the following:

{a)

(b)

(c)

(d)

e}

(f

b3

{a)

()

(c)

IT H is a subgroup of a group G st x*=H for every xeG. then prove that H 15 a normal
subgroup of G,

(12)
Show that the ring ZJi] = (a+bi)jasZbeZi= y-1) of Gaussian integers is a Euclidean
domain

(12)
Let a be o positive real number and (s ) a sequence of rational numbers such that lim x, =1)
Show that _fl_l_llu‘ =]

(12)
If & continuous function of x satisfies the funchional equation fix + v} = [(x) + 1y ) then show
that fivjar where ¢ 15 a constanl

(12}
Determine all the bilingar ransformatrons which transform the unit circle |z=1 o the unit
circle |wisl

(12)
For the following svstem of equations:
R I T
2%, -x, 4+ 35, =4
Determine!
(1} all hasic solutions
(i) all basic Feasible solutions
(11) 2 leasible solutions which is not a basic feasible solutions
(i’ Lei R be the ring of all real-valued continuous functions on the closed interval |0, 1]

Let M={f(x)eR]| f11/3)}=0} Show that M 15 a maximal ideal of R

(1)

(i) LetM and N be two ideals ol anng B Show that M N is an wdeal of R 1l and anly 17
erther M N or NeM

(10}
1) Show that Q1 qﬁ . 1) 15 a splitting field for % 3x° +x%-3 where Q 15 the [ield of ratiomal
numbers.
(15)
(11} Prove that x+x+4 15 irreducible over F the lield of integers module 11 and prove
furiher that is a field having 121 elements
[,,- #x+4)
(15)

Let R be a unigue factonzation domam (UFD). then prove that R|x| is also UFD.
(10}




(a)

(b}

{c)

in)

(h)

Show that the maximum value of x°y'2* subject to the condition =° « y' + 27 = ¢ s ¢/27,
Interpret the resull.

(20
The axes of two equal eylinders intersect at right angles. I a be their radius, then find the
volume common 1o the eylinders by the method of multiple mtegrals.

(200
Show that [ & vl

l=x'sin"x

(20)
(1)  Discuss the transformation W= !F:E-—E] (¢ real) showing that the upper half of the
Weplane sofraspands (o, e interior of fhe semiciicle Iying to the right of imvaginary
axis m the z-plane.
(15)
n

(i) Using the method of contour integration to prove that J'd S J]  (a0)

(13)

() An animal feed company must produce 200 kg of a mixture consisting of meredients

X, and X daily. X, costs Rs. 3 per kg and X- costs Rs. 8 per kg. No more than 80 kg

of X can be used. and at least 60 kg of X, must be osed. Formulate a linear

programming model of the problem and use Simplex Method to determine the
ingredients X, and X, 1o be used to minmize costs,

(15)

(n)  Find the optimal solution for the assignment problem with the following cost matrix:
I H W

Ale 1 8 11 13
B R & AP =% =5
ctl & 3 F 3
L4 710 & 6 11
E[ 8 10 11 5 13
Indicate clearly the rule you apply to arrive at the complete assignment.
115)
SECTION B
Answer anv five of the following:
(a)  Fmd the general solution Uf¥+3;_51+1g;-: =X+ Yy T eos(2x - 3y)
(12)
(b}  Show that the differential equation of all cones which have their vertex at the origin are px +
qy— z Verify that yx « 2x = xy = 0 1s a surface satisfving the above cquation.
(12
(c)  Evaluate fe-* dyv. employing three points
Gaussian quadrature formula, finding the required weights and residues. Use five decimal
places for computalion,
i12)
(dy (1 Convert the followng binary numbaer nlo oclal and hexa decimal system:
100110010, 10010
]

(i) Find the multiplication of the following binary numbers:
11001.1 and 101.1
{6)




(e}

(n

(a)

{h)

{a)

(h)

(a)

A solid body of density p 18 n the shape of the solid formed by the revolution of the cardioid
T = ailtees B) about the intial line. Show that its moment of inertia about the straight line

through the pole and perpendicular to the mitial lne is % mpa

(12
For an incompressible homogenous fluid at the pomt (x, v, ) the veloeity distribution s
~ 3
givenby u- - %—.i’zb—;-‘-.wrll where r denotes the distance from z-axis,
r

Show that it is a possible motion and determine the surfbee which s orthogonal o siream
line.
(12
[ i i -
f’l - —p—-—aﬁ'ksi —Il}r"-l:-‘”'h

i Selve: - -
(1) alve e T iy

(15)
(i)  Solve ._Lﬂ:: equalion
P -q -2pg-2qy ¢ Iy =0
Using Charpti’s method. Also find the singular solution of the equation. if it exists,
(15)
Find the deflection u(x, 1) of a vibrating siring, siretched between fixed points (0, U) and (3/,
0}, comresponding to zero mitial velocity and following initial deflection.
e
|T when e x<|
W3- 2x)

_ux]:f whenl = x= 21
M"—_y} When Hex<3y

{
where h s o constant.

(30)
Find the positive root of the eguation
| |

-

k42 w1
Using Newton-Raphson method correct to four decimal places, Also show that the following
scheme for error of second order:

X =%.1', [ 1+ —5}

(30
Draw a flow chant and wrile a programme BASIC for Simpson's 13 rule for integration
;dx comect at 107,
1+
(30)
A line circular wbe. radius ¢, lies on a smooth horizontal plane. and contains two equal
particles connected by an clastic string m the tube. the natural length of which is equal to half
the cwrcumference. The particles are in contact and fastened together. the siring being
stretched round the tube.
If the particle become disunied, prove that the velocity of the tube when the string has
regained its natural length is
2adome |
MM < 2m)|

When M, m are the masscs o the tube and cach particle respectively, and A is the modulus of
clasticity.




(h)

(1)

(30
Two sources. each of strength m are placed at the points (-a, 0) and (a, 0) and a sink of
strength 2m is placed at the origin. Show that the siream lines are the eurves (87 + )
= (x7-y*+ kxy) where 7 is a variable parameter.

Also show that the fluid speed af any point is

. where . 12 and 1y are
hh

respectively the distances of the point from the sources and sink.

_ (13)
An infinite mass of fluid is acted upon by a force ur'™ per unit mass directed to the
origm. If iitially the fluid i1s at rest and there s a cavity in the form of a spherer=¢
in itz show that the cavity will be filled up after an mterval of the 12502
(15)




