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Question 1(a) Define the rank of a matriz. Prove that a system of equations Ax = b is
consistent if and only if rank (A, b) = rank A, where (A,b) is the augmented matriz of the
system.

Solution. See 1987 question 3(a). i

Question 1(b) Verify the Cayley Hamilton Theorem for the matriz A = (? ;), and
hence find A",

Solution. The Cayley Hamilton theorem is — Every matrix A satisfies its characteristic

equation |zI—A| = 0. In the current problem, |zI—A| = r—2 1 ‘ =2 —dr+4—1=
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Question 2(a) Prove that if P is any non-singular matriz of order n, then the matrices
P~'AP and A have the same characteristic polynomiall.

22 — 42 + 3. Thus we need to show that A? —4A + 31 = 0. Now A? = (% ;) (2 1) -

Solution. The characteristic polynomial of P™'AP is |zI-P~'AP| = [z2P'P-P'AP| =
|P~!||zI — A||P| = |21 — A| which is the characteristic polynomial of A. i

1
For more information log on www.brijrbedu.org.

Copyright By Brij Bhooshan @ 2012.



Question 2(b) Find the eigenvalues and eigenvectors of the matric A = (i _43)

3—A 4

Solution. The characteristic equation of A = <3 4 ) is 4 3y

4 -3
)\2)—16:O:>)\2—25:0=>)\:57—5.
If (x1,25) is an eigenvector for A = 5, then (_2 4 ) (xl) =0= 22, — 41, =0 =

‘:0:—(9—

4 —8 )
x1 = 2x9. Thus (2z,2),x € R,z # 0 gives all eigenvectors for A = 5, in particular, we can
take (2,1) as an eigenvector for A = 5.

If (x1, z2) is an eigenvector for A = —5, then (i ;l) (il) =0=4x1+21,=0= 29 =
2

—2z1. Thus (z, —2z),z € R,z # 0 gives all eigenvectors for A = —5, in particular, we can
take (1, —2) as an eigenvector for A = —5. [

Question 3(a) Find a basis for the vector space V = {p(z) | p(x) = ag+ a1x + asz?} and
its dimension.

Solution. Let f; = 1, fy, = z, f3 = 2%, then f1, f, f3 are linearly independent, because
arfi + asfo + asfzs = 0= aj + asr + azx? = 0(zero polynomial) = a; = ay = a3 = 0.

f1, fa, f5 generate V because p(z) = ag+ a1+ asx? = ag fi +ay fo+as f3 for any p(z) € V.

Thus { f1, f2, f3} is a basis for V and its dimension is 3. [ |

Question 3(b) Find the values of the parameter X for which the system of equations
r+y+4z =1
r+2y—2z =1
MM+y+z =1

will have (1) unique solution (ii) no solution.
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Solution. The system will have the unique solution given by [ 1 2 —2 1| if
Al 1 1
11 4
1 2 =2/=124+2)+4(1—=2\) —1(14+2X\) #0. Thus4+4 -8\ —1—-2XA 4 0=\ # %.
Al 1

When A = %, the system is

r+y+4z =1
r+2y—2z = 1
7r + 10y + 102 = 10
This system has no solution as it is inconsistent: 4(z+y+42)+3(z+2y—22) = 7Tx+10y+10z =

7, but the third equation says that 7x + 10y + 10z = 10. Thus there is a unique solution if

A F# %, and no solution if \ = 1—70. |
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Paper II

Question 3(c) If V is a finite dimensional vector space and M is a subspace of V, then
show that each vector x € V can be uniquely expressed as x =y + z, where y € M and
z € M*, the orthogonal complement of M.

Solution. Let vq,...,vy, be any orthonormal basis of M, where m = dim M. Given
x €V, lety =" (x,vi)vs, and z = x —y. Clearly y € M, and x = y +z. Now
<Z7Vi> = <X7Vi> - <y>Vi> = <X7 Vi> - 2?:1<X7 Vj) <Vj7Vi> = <X>Vi> - <X7Vi> = 0. So
(z,vi) =0,i=1,...,m = (z,m) =0 for every m € M, so z € M*.

Nowif x = y'+2/, theny—y = 2z'—z. Buty—-y e M,z—z€ M+, so{y -y, 2 —z) =
0=(y—-y,y—yY)=0=|y-y|=0=2y-y=0=2 —-2=0 Thusy=y,z=2
and the representation is unique.

Question 3(d) Find one characteristic value and corresponding characteristic vector for
the operators T on R?® defined as

1. T s a reflection on the plane v = z.

2. T is a projection on the plane z = 0.

3. T(x,y,2) =Br+y+22y+z2).
Solution.

1. T(z,y,2) = (z,y,z) because the midpoint of (z,y,2) and (z,y,x) lies on the plane
x ==z T(1,0,0) = (0,0,1),7(0,1,0) = (0,1,0),7(0,0,1) = (1,0,0). Thus it is clear
that 1 is an eigenvalue, and (0, 1,0) is a corresponding eigenvector.

2. T(1,0,0) = (1,0,0),7(0,1,0) = (0,1,0),7(0,0,1) = (0,0,0). Clearly 1 is an eigen-
value with (1,0,0) or (0,1,0) as eigenvectors.

3. T(1,0,0) = (3,0,0),7(0,1,0) = (1,2,0),7(0,0,1) = (1,1,1). Clearly (1,0,0) is an
eigenvector, corresponding to the eigenvalue 3.
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