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Question 1(a) If f(z) = u + w is an analytic function of the complex variable z and
u— v =e"(cosy — siny), determine f(z) in terms of z.

Solution. Let F/(z) = (1+14)f(2) = (1 +¢)(u+1iv) = (v —v) +i(u+v). Now

0?(u —v) N 0?(u —v)

502 e = e"(cosy —siny) + e”(—cosy +siny) =0

Let F'(z) = U + iV, where U = u — v is harmonic. If f(z) is analytic, then so is F'(z) and
dF _OU OV U 0U

a4z or or " or oy

ov oUu
as — = ——— by the Cauchy-Riemann equations. Thus
ox dy
F'(z) = €"(cosy —siny) —ie”(—siny — cosy)
= e"(cosy+isiny) +ie”(cosy + isiny)
(1+4)e" - e = (1 +1i)e?
Thus F(z) = (14 i)e* and f(z) = e*, which is the required function. i
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Question 2(a) FEzpand f(z) = m

1 <|z| <3 (i) |z| > 3 and (i) |2z| < 1.

in Laurent’s series which is wvalid for (i)

1 1 1
Solution. Clearly f(z) = 5( P 3)
z z

(i) 1 < |z| < 3. In this region

0-3E0+ - 3049) )

Since |1| < 1 and |£] < 1, we get

) = o3 - S (E)
N e D L BN o L
> 2> zn+1_z( 2) 3t

as Laurent’s expansion in the region 1 < |z| < 3.
(ii) |z| > 3. In this region

-2+ - 0+2))

Now [1| < 1 and 2| <1, so we get

1 & 1 1 — 3"
= — —1n—_— — —1)n=
fe) = XD S — o > ()
=0 n=0
B (-1)"1-3"
- Z 9 ntl

i
o

as Laurent’s expansion in the region |z| > 3. This is Taylor’s expansion of f(z) around oc.
(iii) |z|] < 1. In this region

1 1 z\ 1
Moo
f&) =50+ =5 (143
Now |z| < 1,|3| < 1, so we get
1 1 2"
_ = —1)rym — = —1)n 2=
fe) = LY s
n=0 n=0
- Z 2 (1_3n+1>z

as Laurent’s expansion valid in |z| < 1. This has no negative powers of z as f(z) is analytic
in |z] < 1. i

2
For more information log on www.brijrbedu.org.

Copyright By Brij Bhooshan @ 2012.



