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Question 1(a) Find the image of the line y = x under the mapping w = ) and draw
z
it. Find the points where this transformation ceases to be conformal.
Solution. Let z = z 4+ iy. Then
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So if x = = ——. Letu = LU= = 2 2 =16 = 4u =
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(u—2)*+v? =4,v < 0. So the image of the line x = y under the mapping w = 711 is a
z

semicircle with center (2,0), radius 2 and below the z-axis.
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Conformality: d—zj = —(22—51)2 when z # +i. Clearly d—@; # 0 when z # 0. Thus the
d
mapping is conformal at all points which are different from z = 0, £i (as d—w does not exist
z
at £1i). i
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Question 2(a) If all zeros of a polynomial P(z) lie in a half plane, then show that zeros of
the derivative P'(z) also lie in the same half plane.

Solution. We can assume without loss of generality that the zeros of P(z) lie in the half
plane Rez < 0. Let P(z) = [[}_,(z — ;) where a; = z; + iy;, z; < 0.

If Rez > 0, then P(z) # 0 and

P'(2) S|
P(z) - Z Z—

-2 (= ;) + (y — y)?

j=1
Since z; < 0,1 < j < n, it follows that
P’(z)) & T — x;
Re( = d >0
P(2) ; (x —x;)?+ (y —y;)?
P'(z)

z
Re z > 0. Hence all zeros of P’(z) lie in the same half plane in which the zeros of P(z) lie.ll

and therefore P’'(z) has no zeros in the right half plane

whenever Re z = x > 0. Thus

Question 2(b) Using Contour integration, evaluate

2 2
30
/ o8 ;df, 0<p<l1
o 1—2pcos20+p

Solution. Clearly
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30 1 1 60
/ cos 2d9:—/ + cos 2d0
o 1—2pcos20+p 2 )y 1—2pcos20+p
1 + e dz

. Put 2z =€, dz =ie? df or df = —.
1+ 2pcos 20 + p? iz

/27r 1 4 ¢i60 o 1/ 1428 dz
o 1+ 2pcos20 + p? i a1 p(2+ 5) 4+ 2

1 1420
= _/ (1 +27) dz
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The integrand is the real part of




Now the integrand has simple poles at z = 4,/p, i\/iﬁ. Since 0 < p < 1, the only poles inside
|z| = 1 are z = £,/p. The residue at z = /p is

-~ (z—/p)z(1+ 2°) _ V(1 +p?) _ 1 +p?
=y (L=p22)(22—p) (1-p»)2yp 2(1-p?

Similarly residue at z = —/p is

i (z+ /D)2(1 + 25 _ —/p(1+p?) _ 1 +p?

a=—vp (1=p22) (22 —p)  (1-p>)(=2yp) 2(1-p?)

o 2 2 i60
30 1 1
/ cos ) = —Re</ e 2d9)
o 1—2pcos20+p 2 o l4+2pcos20+p

1
= Re(;%ri[Sum of residues at z = j:\/]_o]>
i

Thus

1+p* 1—p+p?
m =7
1—p? 1—p
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