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Question 1(a) Determine all the bilinear transformations which transform the unit circle
|z| <1 into the unit circle |w| < 1.

. . ) az+b
Solution. Let the required transformation be w = d Clearly z = —g = w = 0 and
cz
2z =—% = w = co. Since 0,00 are inverse points with respect to the circle |lw| = 1, then

—%, —¢ are inverse points with respect to the circle |z| = 1 (note that R, S different from 0

are said to be inverse points with respect to |z| = 1 if O, R, S are collinear and OR-OS = 1).

Thus if we set —S:a, then —%:éand we get
az—a ad z—Q
w = — 1 = — —
cz—3 c az—1
=1
Since |z| = 1 maps onto |w| = 1, we take z = 1 to get %_ ? =1. But [1—a| =|1-7a],
c a-—
therefore | 22| = 1. Let %:ew,QGR, so that
c c
w:ew_z—_a
az—1
We now check that when |z| = 1, we have |w| = 1.
ul = 1|22
Z—a«
e = o _:1
e
= 1 (rlz—af=]a-z])
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Now let |z| < 1. Then

o2 — O i Z—Q
626’ '620

ww—1 = -1

az — 1 az —1
2z — oz — oz + ax
= — — —1
(@z —1)(az — 1)
2z —az— oz t+oa—aazz+oaz+az —1
(@z —1)(az — 1)
27+ oo —aazz — 1

laz — 12
_ (Z-1)(1 @)
|az — 1)

Thus if |a| < 1, then |w| < 1. This shows that the transformation

w=e"— 1,96R,|a!<1

maps the interior of |z| = 1 onto the interior of |w| = 1 and the boundary of |z| = 1 onto
the boundary of |w| = 1. Thus all bilinear transforms which map |z| < 1 onto |w| < 1 are
given by

9 2 —
w=e’"—— R |a| <1
az—1
Note: If |a| > 1, then the interior of |z| = 1 would map onto the exterior of |w| = 1. The
boundary will map onto the boundary, as before. | |
z —1c\ 2

Question 2(a) 1. Discuss the transformation W = < = ) , ¢ real, showing that the
z +ic

upper half of the W -plane corresponds to the interior of a semicircle lying to the right
of the imaginary axis in the z-plane.

2. Using the method of contour integration prove that

/7r add ™ (a>0)
o a?+sin?0 1+ a2

Solution.

1. We need to assume ¢ > 0 as otherwise the question is incorrect.
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Let W =U +1V, so that

U+1iV

22 + (y + ¢)?
2% +y? - — icx 2
22 + (y + c)? )
(2% +y* — A)? — 4c%2? — dicx(2® + % — 2)
[22 + (y + ¢)*]?
(22 + 4% — 2)? — 42z
[ 5y + o
—dcx(a? +y* — ) dea( —a® —y?)
@2+ (y+o2 e+ (y+ o)

E(ﬁfﬂ(yc»(aﬁ —i(y+0)))2

=U =

V:

Thus if z belongs to the interior of the semicircle given by 22 + y? = ¢?,x > 0, then
V' > 0, which means that U + ¢V is in the upper half plane.

2 2\2 2
For any point on the line x = 0, we have V = 0 and U = (" =) = (y C) .
(y+ o)

Clearly when y changes from —c to ¢, U changes from oo to 0.

2

As z moves over the circle 22 + y? = ¢?, we have V = 0 and

—4c2 2 —4c2 g2 —4c2 2 —x? c? —q? c—y

(@ +(y+02?  (@+P+E+20)? (234290 (y+0?  (y+c)? c+y

1 — cos®

1+ cosé
traverses the boundary of the semicircle, 8 varies from 7 to 0, and U varies from —oo

to 0. Thus the boundary of the semicircle 22 + y* = ¢* with > 0 is mapped onto the
U-axis. Hence the semicircle 22 + y* = ¢* with z > 0 is mapped onto W = U + iV
with V > 0.

Let y = ccosf, then U = — = —tan® g. When y moves from —c to ¢, i.e.z

. Let the given integral be I. Then

I_/’f adf _/“ 2a df _/2“ adg
Jo a?+sin®0  Jy 202+ (1 —cos20) J, 2a2+1—cos¢

on putting 20 = ¢. We now let z = € to obtain

[_/ adz _1/ 2a dz _/ 2ai dz
) iz +1-1(z+1) 2202+ 1)z — (22 +1) ) 22—-22a2+1)z+1

|z|=1 |z|=1 |z|=1
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Now 22 —2(2a* 4+ 1)z+1=0= 2 =2a*+14+/(2a2 +1)2 — 1 = 24> + 1 + 2av/a? + 1.

Clearly |2a® + 1+ 2av/a? + 1] > 1 showing that |2a® + 1 — 2av/a2? + 1| < 1 because the
product of the roots is 1. Thus the only pole inside |z| = 1is 2z = 2a* + 1 —2ava? + 1.

1
Residue at z = 2a*>+1—2av/a2 + 1is =
(20> + 1 —2ava® +1) — (24> + 1 4+ 2ava? + 1)
1

—dava2 +1

Thus I = 2ai - 271 -

1 s
—4dava? +1 B Va2 +1
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