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Question 1(a) Prove that u = e*(x cos y—ysiny) is harmonic and find the analytic function
whose real part is u.

Solution.
ou - , -
9 = © (rcosy —ysiny) + €” cosy
0*u N , N
= © (rcosy —ysiny) + 2¢” cosy
ou - . .
o = ¢€"(—xsiny —siny — ycosy)
0%u N .
a7 = e*(—xcosy —2cosy + ysiny)

Clearly @ + @ = 0, showing that u is harmonic.

0" 8y2z+2 zZ—Z 2+zZ z2—7Z2
Letf(z):u< 5 g )—l—w( SERRT ).Then
f'(2) = wuy+iv, = u, — tuy, because of the C-R equations
. Z+Z z2—Z . Z+7Z z2—7Z
- ux(x,y)—zuy(x,y):um< 2 7 2 >_ y( 2 7 2 )

Since the above is an identity, we take z = Z, so © = z,y = 0. Thus f'(z) = u.(z,0) —
iuy(2,0) = ze* + €. Then

10)= [ Ferds= [ =z v
Hence f(z) = ze* is the required function. B
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d "1+ 2cos b
Question 1(b) Evaluate% % where C' is the unit circle. Deduce that/ oo df =
o 0

5+4cos
0.
Solution. Cauchy’s theorem implies that 7{ = 0 because ﬁ has no pole inside
o
|z| = 1.
Putting z = €, we get
7 = / dz _/27r (i cos@ — sin @) d
B 2]=1 2 T 2 ~Jo cosH+2+isinf
B /27r (icosf —sinf)(cos + 2 — isin ) "
) (cos @ + 2)2 + sin® 0
B /27r i(cos? 0 + sin® 0 + 2 cos ) — 2sind o
) cos2f + 4cosf + 4 + sin®

27 : 27
2sin 6§ 14+ 2cosf
= — ——df+ i —df
/0 5+ 4cosb —1—2/0 5+ 4cosb

Since I = 0, it follows that

T 2sind 2T 1 4+ 2cosf
——df = ——df =
/0 5+ 4cosf 0’/0 5+ 4cosf 0

Question 1(c) If f(z) = Al + As +...+ i, find the residue at a for /()
z—a (z—a)? (z—a)" z—b

where Ay, As, ... A, a,b are constants. What is the residue at infinity?
Solution. Case (1): a # .

f(z)  Alz—a)" T4+ A(z—a)"?+.. .+ A,

z—b (z=b)(z—a)"
showing that LZ){) has a pole of order n at z = a. The residue at z = a is the coefficient of
Z_
Zia in the Laurent expansion of f(Z)b around a. Now
Z_

1 1 z—a\ 1

e = L 32
z—0 (z-ata=b) a—2b +a—b
f(2) Ay A, A, 1 zZ—a Z—a\2 z—a\3

_ Y Ca) R ) S
z—b z—a+(z—a)2+ +(z—a)” a—>b a—b+ a—>b a—b *
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f(z)

Thus the coefficient of i.e. the residue of 2 is given by
z—a z—
Aq As Az (=1)" 1A,
— it ————=—f(b
gyl g sl iy ARy T A

Note: The same residue could be computed by using the formula — Residue at z = a is

1 dn—l
—_— (z — a)”& but this calculation would be much more complicated.
(n— 1)l dzn1 z—b
Case (2): a = b. In this case f(Z)b
Z —
1 da
is given by ——[(z — a)" f(2)] = 0.

7 onldzn
Residue at oo:

fla) = é(l—g)_l+%<1—g>_2+...+ﬁ<1_9>‘”

has a pole of order n + 1 at 2 = a. Residue at z = a

Zf(_2>b _ fzz><1_g)‘1: {%+%(...)+§(%)+.iE+%+..}

f(z)

= b) the residue at co is 0.1

Since the term % is not present in the Laurent expansion of

Question 2(a) Find the Laurent series for the function ez in 0 < |z| < oco. Deduce that

1 [7 1
— / % cos(sin§ — nf) df = —
T Jo n!
foralln=20,1,2,....
Solution. See 2001 question 2(a). i

Question 2(b) Integrating e along a suitable rectangular contour show that
/ e~ cos 2bx dr = \/T%ebQ
0

Solution. More generally, we shall prove that

/ e cos 2a)\x dx = \/77?)\56)‘(12
0

then A = 1,a = b will give us the desired result.
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y=a
Our f(z) = e and the contour is I, the Y =—R r=R
rectangle ABCD where A = (—R,0),B = r 1
(R,0),C = (R,a),D = (—R,a) oriented in
the anticlockwise direction. y=0
A(—R,0) (0,0) B(R,0)

Az?2

. _ . . . 2,2
Since e is an entire function, and therefore has no poles, f e M dz=0.

r
Now we compute the integrals along the four sides.

1.
/ S / e—A(R-i—iy)Qidy
BC 0

because z = R+ iy on BC' and 0 < y < a. Thus

]
/e)‘zdz
BC

yL2
— 0 as R — oo, e dz — 0as R — .
BC

a
_ 2 2 o 2
< e M / e dy = constant X e AR
0

. _ 2
Thus since e

2. A similar argument shows that / e dz—0as R — .

DA
3. -
lim e dy = / e dx
R—o0 AB —00
as 2 =z on AB.
4.
2 - 2 \2
lim e M dy = / e~ Matia)® g
R—o0 CD 00
as z = x +ia on CD and orientation is from C to D. Thus
lim e dy = / e M@*—a?) ~2iadz g,
R—o0 cD 0o
= / —e M=) cos(2aNx) da —i—i/ e =) gin(2aAx) dz
Now

0 = lim /f(z)dz: lim | e dz
r

R—o00 R—o00 r

= lim [/ e dz—i—/ e dz+/ e dz+/ e~ dz]
R—oo| Jup BC cD DA

= / e dy — A / e cos(2aAz) dx + i / e sin(2a\z) da

[e.e] —00 —00
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Equating real and imaginary parts, we get

/ e sin(2a\z) d

[e.e]

/ e cos(2aMz) d

o0

:>/ e cos(2aMz) da
0

This completes the proof.

0

2 o0 2
6—/\a / e—)\a: dr
—0o0

(Substituting X = v/Az)
2/ e X NT3dX = /7A
0

1 [ 2 1 2
5/ e cos(2a)x) do = Ee’)‘“ ATz

[e.9]

Question 2(c) Find the function f(z) analytic within the unit circle which takes the values

a—cosf +isinf
a? —2acosf +1

,0 <60 <27 on the circle.

Solution. Since f(z) is analytic within |z| < 1, the Maclaurin series of f(z) is given by

% ) (0)m
fo =y D

n!
n=0

! f(z)dz
here f™(0) = 2
where f'(0) 2 o

a—cosf+isinf

We a.re given t'hat on |z| =1, f(z) = 7 —2ac050 11 and we know that on |z| = 1,
z=e" dz=1ie?dh,0 < § < 27, therefore
1 1
a— - a— = 1
f(z) = : = on [z| =1

aQ—a(z—i-%)—l—l:(a—%)(a—z) a—z

Now we use the Maclaurin series to compute the value of f inside the unit circle.

n!
f(n)(()) - %/Ill(

n!
2m J,
n!
2ma [,
n!
2ma J,

e—ni9<1+€_+
a

dz
a — Z)Z”'H
—(n+1)i0
S
a — e

20

e~ 0 (1 — 6—) - do

a

10 240 ind
(& (&
Fo )

a2 T oa

21 ik0 2T 27
Since / e dp = e.k } =0 for k£ # 0, and / df = 27, it follows that
0 1o 0
n! 1 n!

M) = — . — .91 = :
F(0) 2ra  a® T antl
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Consequently

f(2)=zail:1+ 22+...:1(1_f)_1: L

a a a
n=0

We need a > 1 so that |2] <1 on |2] < 1.
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