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Question 1(a) FEwvaluate the integral
1 e’ dz

2mi cm
of
1. the point 0 lies inside C' and the point 1 lies outside C'.
2. both 0 and 1 lie inside C'.

3. the point 1 lies inside C' and the point 0 lies outside C.

Solution. The only possible poles of are z = 0 and z = 1. Clearly z =0 is a
z

—1)
. . - ze?
simple pole, and residue at z =0 is lim ——— = 1.
2—0 z(1 — 2)3
1 d2 -1 3,z
We have a triple pole at z = 1, and the residue at z = 1 is 5@(%) . =

2dz 22 2 24 2
e dz
210 Jo z2(1 — 2)3

_li(zez—ez) B 1((22(zez+ez—ez)—2z(zez—ez)) _ e
z=1 z=1

By Cauchy’s residue theorem, = Sum of the residues at poles of inte-

grand within C'.

1. The only pole inside C'is 0, so

1 =d
— L Residue at 0 =1
270 Jo 2(1 — 2)3
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2. Both poles are in C| so

1 *d
— ~ %% _ Residue at 0 + Residue at 1 =1 — ‘
210 Jo z(1 — 2)3 2

3. The only pole inside C'is 1, so

1 e*dz e
— | ———— = Resid t ]l =—=
210 Jo z(1 — 2)3 esidue a 2

|
Question 1(b) Let f have the Taylor expansion f(z Zan in|z| < R and let s,(z) =
Zakzk. If0 <r < R and if |z| < r show that
k=0

nt+l _ n+l
Sp(2) = — f(w) w © dw
2mi ), wntt w—z
where 7 is the circle |w| = r oriented positively.
wn+1 . ZnJrl

Solution. Since ——————— =w" +w" 2+ ... F w2 42" =D jwR2R it follows

w—z
that

1 f(w) W't — 1 f(w) - —k_k
— dv = — [ —= " d
2mi ), wntl w—z v 271 w"Jr1 Z W v

k=0
_ nf
- 2m/<z k+1)
_ v [ f(w)
- 2_m Z c / wht1 dw
k=0 v

But from Cauchy’s integral formula we know that

OO 1w

k! 2mi J., wk+1
Therefore .
1 f(w) wntl — ol o — f(k)(()) h
2mi )., wntl w—z k!
k=0
2
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Since f(z) = D> .~ ,a,2" and the series is uniformly and absolutely convergent within
|z| < r, we can differentiate it termwise. Thus we obtain f(0) = ao, f’(0) = a4, f"(0) =
2ay, ..., f®(0) = klay, . ... Substituting above, we get

1 f(w) wn+1 _ ZnJrl n .
57 o P dw:Zakz = $,(2)
k=0
|
. : : 1 .
Question 1(c) By integrating T around a suitable contour, prove that
z
/°° dx w™ /. 7w
= — /sin—
o 1425 5 5
Solution. We shall present two proofs. - -
p p D(~R, ) ‘ C(R, %)
Proof 1: Let f(z) = 15 and the y=2
contour be C, the rectangle ABC'D where
A:(—R,O),B:(R,O),C:(R,%),D: Yo =—-R r=R
(=R, %) oriented positively. We let R — C 1
oo eventually. The only pole in the strip
bounded by y = 0 and y = Z is z = T :y:O
and it is a simple pole. A(-R,0) (0,0) B(R,0)
: z— T)e? 5 5
Residue of f(z) at z = % is Zlirr% ( T Z5>Z = Seejﬁ = —%. Thus
_ e dz omie®
lim = —
R—o0 C 1 + €5Z 5

Now we evaluate the integral on all 4 sides of the rectangle.

1.

2w

/ e*dz /5 efttiy ” </257T el p <27r el
solter| |y el V), er—1Y=T5 er

because |€% + 1| > || — 1 = [e?#5%| — 1 = ¢ — 1. as on BC, 2 = R +iy. Thus
. e“dz

lim =

R—o0 BC 1 + €5Z

2. On DA, z = —R + iy and therefore |e5* + 1| > 1 — |¢5*| = 1 — e~>%. This shows that

/ e dz - 2r e B
DA1+€5Z_ 5 1—675R
—-R z
As —S 0 as R — oo, it follows that lim <
1— €—5R R—oo DA 1 + e5z
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3. On AB, z =1z so

) e dz /°° e* dx
lim =
R—oo AB 1 + e5z o 1 + e5m

4. OnCD,z:aH—%,SO

_ 2mi
e dz / * eTes dx

lim —_— =
R—o0 CcD 1"—652 1+€533

Using the above, we get

. mi
i e*dz * eTdx ami [0 eTdx 2mie’s
lim = —e5 = —

R—oo [ 14 €% 14 ed® oo L €5 5
or s
/°° e* dx 2wl es T 21 T /.7
e i - f m /s
7001_‘_65:1: 5 1—e>5 5@?—6? 5 5)
o dt T T
We now put e* = ¢ to get = — / sin — as desired.
WP & A 1415 5/ 5

Proof 2: Let f(z) = 75 and the con-
tour be C', the angular region OABO where
OA is the line joining (0,0), (R,0), AB is the
arc of the circle |z| = R and B is on the circle
such that angle ZAOB = %’T C' is oriented
positively. We let R — oo eventually. The
only pole in the sector is z = = and it is a

5
simple pole.

Using Cauchy’s residue theorem, we get

. dz . : i N 2m
lim = = 2mi X Residue at 5 = 2mi lim. = = —m
R—oo Jo 1+ 2 e 12 Se’s

1. On AB, z = Re" |2° +1] > |2]> =1 =R’ — 1, 0 < § < Z and therefore

/ dz
AB 1+Z5

- 6
</5Rze d9‘<27r R
0

RO—1|~ 5 RP—1
d
showing that lim SR
R—oo AB 1 + Z5
d < d
2. On OA, z = x and therefore lim c / T
R—o0 OA1+25 0 1+I5
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3. On BO, z = Re’" and R varies from oo to 0. Therefore

2w

, dz /0 e dR /°° dR
lim — = —27”——65
R—oo Jpo 1+ 2° 1+ (Re™ )b o 1+R

lim dz _ /°° de. s /°° dR _ 2
Rooo Jo 14 25 o l+a° o 1+ R° 5e 't
N / _ 271 1 _ 271 e~ s

1+ $5 5t 1—e% 5e's e F — e

T 27 T T
= = s s =% Sin —
Ses —e 5 5) 5

Note: We have provided both proofs because sometimes the examiner prescribes the contour.

Thus

Question 2(a) Let f(z) = > 7 a,2" be analytic for |z| < 1+ 9,(6 > 0). Prove that the

polynomial py(z) of degree k which minimizes the integral
1 2 ) )
o [ 1R — ) o

is pp(z) = Zﬁzo anz". Prove that the minimum value is given by > ", | |an|*.

Solution. On |z| = 1,z = € and

/f de_/ Zanamz("mdé’

n,m=0

Now termwise integration is justified because the series ) a,z" is uniformly convergent
in |z| <1 as the given series is convergent in |z| < 1+ 6 with 6 > 0. Thus

1 2T 1 oo 27 ) 0

— f(2)|?do = — anﬁ/ e n=m? qp — a,|?

o, VR = 5 3 e | > o
2r 4

o € (n=m)¢ 4§ = 0 or 27 according as n # m or n = m.
Let pr(z) = S2F_, b,2", then as above

as

1 2m k 00
o | @ =P d0 =) lan =0+ ) fanf?
0 n—0 n=k+1
Clearly the right hand side is minimum if and only if Zi:o lan — by = 0 = a, = b, for
n =1,...,k, as all terms in the sum are non-negative. Thus pg(z) = Zﬁ:o a,z" and the
minimum value of the integral is Y, | |a,|*. |
)
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Question 2(b) If f is regular in the whole plane and the values of f(z) do not lie in the
disc with center wg and radius 0, show that f is constant.

Solution. Liouville’s Theorem: If f(z) is entire, i.e. regular in the whole plane, and

bounded, then f(z) is constant.

Consider the function F(z) = m Since f(z) is entire and f(2) # wo (note that if
f(2) = wy for some z then one of its values would lie inside the disc with center w, and
radius ¢). it follows that F'(z) is an entire function. Since |f(z) — wy| > d for every z,
|[F(z)] < § for every z, thus by Liouville’s theorem F(z) = ¢ a constant, and therefore f(z)
1s a constant.

Proof of Liouville’s theorem: From Cauchy’s integral formula, we have for any z5 and p
however large
1 f(z)dz
f,(ZO) = 2_/ Lz
T J|s—zo)=p (2 — 20)

Now f(z) is bounded, say |f(2)| < M and |z — 2| = p, so let z — zy = pe, dz = pie? df
which gives us

M M
! < IQmp = —
£l < gy 52m0 = =
Letting p — oo, we get f'(z9) = 0 for any zy, thus f’(z) = 0 so f is a constant. [ |

1
1—z

Question 2(c) Find the singularities of sin(——) in the complex plane.

Solution. Since % is analytic everywhere except z = 1, sin(

1

1) is regular everywhere

except z = 1. At z = 1 the function has an essential singularity — Clearly Sin(i) =0
le =nmt,n#0&sz=1-— %, n € Z,n # 0. Thus 1 is a limit point of zeros of sin(liz) and
therefore sin(ﬁ) has an essential singularity at z = 1.
Note that sin(7L) is regular at oo as sin(lf—c) is regular at ¢ = 0. i
6
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