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Question 1(a) Prove that every power series represents an analytic function within its
circle of convergence.

o0

Solution. Let f(z) = Z a,z" have R as its radius of convergence. We shall show that for
n=0

any z in the region C' = {z : |z| < R}, f'(2) = Znanz”’l. We first of all note that the
n=1

(o.9]
. : 1. : 1
radius of convergence of the series E na,z"!is also R as lim n» = 1.

n—oo

n=1
Let z € C' and |z| < p < R and let h be chosen so small that |z| 4+ |h| < p < R. Thus
(z+h)"— 2"

(z4+h)—z

< (el + D"+ A+ 1D 4+ 2" < mp"

(1)

o0
Since the series Z nanp" ! is convergent, given € > 0 IN; > 0 such that

n=1
- r—1 €
Z rla-|p <3 forn > Ny
r=n-+1
and in particular Z rla.|p" "t < < (2)
3
r=Ni1+1
: : (Z — h)n — 2" n—1 : :
Since }ILIH(I) an# — napz =0, given € > 0 there exists 0 > 0 such that
Ny
(Z — h)n — 2" n—1 €
; {an# — Nay2 <3 for |h| < ¢

(3)
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Now

)|+ i |na,z

N1 [e.e]
h n + h n—

< z[an SR n] ooy el

n=1 n=N1+1 n=N1+1
_ € n—1 -1
= 3 + Z lan|np™ ™ + Z lan|np"~" for |h| <6

n=N;+1 n=N1+1
<
: f(z+h B .
Thus }1113(1] Z na,z"~" = f'(z), so f(z) is analytic in C.

n—1

Question 1(b) Prove that the derivative of a function analytic in a domain is itself an
analytic function.

Solution. Cauchy’s integral formula states that if f(z) is analytic within and on a simple
closed countour C' oriented positively and if zy is any interior point of C, then f(z9) =

2mi

f(2)dz

c Z— 20

Let f(z) be differentiable in a domain D and zy € D. Let C be a circle with center
29, the boundary of which is positively oriented, such that f(z) is differentiable within
and on C, and C' along with its interior lies in D. Then by Cauchy’s integral formula,

fz)dz
21 Jo 2 — 20
Let h € C be so small that zy + A also lies in the interior of C.

fo+h) = flz) 1 /( f(2) _f(2)>dz

f(20)

Now

h 2mih z—2zg—h z—2z

1 hf(z)dz
- 2mih /C (z—20—h)(z— 20)
1 f(z)dz

27 Jo (2 — 20 — h)(z — 20)

f(ZO'f‘h)_f(ZO)_L/ f(z) dz
o (

h 2mi z— 2p)?

- = c<<z_z0 ii;(z—Zo) ) <f—()>) "

1 hf(z)dz
N 27rz‘/c(z—Zo—h)(Z—Zo)2
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Let M = sup,.¢ |f(2)],! = length of C,d = min,ec |2 — 20|, d > 0. Since we are interested
in h — 0, we could have assumed in the beginning itself that 0 < |h| < d. Thus we get

f(20+h)—f(zo)_i/ f(z)dz M]|h|l
h 211 Jo (2 — 20)?| — 2wd?*(d — |h])

Since the right hand side of the above inequality tends to 0 as h — 0, it follows that
lim f(z0+h) = f(z0) _ L/ (f(z)dz
c

h—0 h 2mi z— 2z)?

i.e. f(z) is differentiable at zp and since zj is an arbitrary point of D, it follows that
1 f(¢)d¢
() = 5= / ) 2
2mi Jo (€= 2)

where C' is any positively oriented circle containing z in its interior.
We shall now prove that
2! f(z)dz
f”(zo) — 2_/ ( ) 3
i Jo (2 — 20)

where zg, C' are as chosen above. Let h be also chosen as above. Then

['(z0 +h) — ['(%) _2_'/ f(z)dz
C

h 27 Jo (2 — 20)3

1 1 1 2h

- M/f(z){(z—zo—hﬂ (2= 2)? (22— 2)? dz
(2 —20)% = (2 — 20 — h)*(z — 20) — 2h(z — 20 — h)?

2mih / Us (2 — 20— h)?*(z — 20)3 dz
Now (z—20)% — (2 — 20 — h)*(2 — z) — 2h(z — 29 — h)?

= (z—20)[(z — 20)* — (2 — 20 — h)?] — 2h[(z — 20)* — 2h(z — 20) + h?]

= (2 —20)h[2(z — 20) — h] — 2h(z — 20)* + 4h*(z — z9) — 2h°

= h[2(z — 2)* — h(z — 20) — 2(z — 20)? + 4h(z — 2) — 2h?]

h?[3(z — 2z0) — 2h]

Thus we get

M|h|(3p + 2|R|2)l
2rd3(d — |h|)?

f'(z0+h) = f'(z) 2 / f(z)dz
c

h 2mi Jo (z — 23| =

where M, d, p are as before. Since the right hand side of the above inequality tends to 0 as
h — 0, it follows that

oy oy Goth) = () 20 [ f(z)dz
f(z0) = Hm h - 2mi /C (z — 20)3
i.e. f'(z) is also analytic in D. i
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dx.

Question 1(c) FEwvaluate by the method of contour integration / x281n C;)f
o 7=

Solution. We take f(z) = % and the contour C' consisting of the following

1. The line AB joining A = (—R,0) and
B = (—b - 7"1,0).
2. 71, the semicircle (z+b)*+y? = r? lying
in the upper half plane.
3. Line C'D joining C' = (=b + ry,0) and
D = (b — T, 0)
4. 79, the semicircle (x—b)?+y* = r3 lying
in the upper half plane.
5. Line EF joining £ = (b + r2,0) and
F = (R,0). . .
6. T, the semicircle 22 4+ y2 = R? lying in A(-R,0) B ¢ D B F(R,0)
the upper half plane.

Eventually we will let R — oo, 7,79 — 0. Now the integrand has no pole in the upper half
plane, therefore

2" dz
lim —— =0
R—00 22 _ bQ
A e
ro—~0

1. On T,

™ Rez‘@eiaRe*’ i
/(; WRZ@ d@‘

/ 2e%% dz -
r(22=0)| "
because of T, 22 — b?| > |z|> — b* = R* — b%.

iaz d R2 T ] 2R2 5 )
/ ZZ 2"7’ / e—aRsme do = / e—aRsmg do
r (22 —0?) 0 0

<

=Rz _p2 R2 _p2
(We can double the integral and halve the limit, because sin(m — 6) = sin#). Using
Jordan’s inequality sinf > 2_;1 for 0 <0 < 5 we get

/ ze"% dz < 2R? /g o—aRZ gp _ 2R* [(1—e "\  7R(1—e*f)
r(22-02) T R2Z-12 J, S OR2 b2\ 2aR/7 )] a(R%—b?)
showing that lim M = 0.

Aee Jp (22 — 1?)
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To get the value of the integral along 7, v

we observe that if f(z) has a simple pole at Yr
z = a and 7, is a part of a circle of radius

r with center a, then

lim [ f(2)dz = ia_y(62 — 61) 02
T
where a_; is the residue of f(z) at a. 01
Proof: Let
f(z) = ) +ai(z—a)+ay(z—a)’+...= — + ¢(2)
z—a 0 ? T z—a

where ¢(z) is analytic in the circle |z — a] < r. Thus

/7 T é(2) dz

where M = sup|,_,_, |¢(z)|. Thus lin%/ ¢(z)dz =0 and
r=0 /..

02
hm/ f(Z) dz = / a1 dz = Z/ a_q df = Z'a/,l(eg - 91)
Ir Ir

S MT(HQ — 91)

r—0 zZ—a 0,

wnaz

Now the residue of — g at 2= bis ¢, and the residue at z = —b is 1e 7.

Z p—
Thus limrlf’o [, f(2)dz = giem(0—7) = = Fe ™ and lim,, o [, f(2)dz = 3ie"* (0~
7T) — _%rezab

Using the above data we get

iaz o] iax ; ;

0— fim ze' % dz _ ve' dr 0T —iab _ T iab
R—oo | (22 — b?) oo (@2 =02 2 2
r1—0 o
ro—0

or

0 xelT dy ,
/ m = T COS((lb)

Taking imaginary parts, we get
* rsinar dx
—————— = mcos(ab
/oo (xZ - b2) ( )
or

@ - 2

/°° xsinardr  wcos(ab)
0
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