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Question 1(a) State and prove Cauchy’s integral formula.

Solution. See 1986 question 1(a).

Question 1(b) FEwvaluate

ooxfk
1./ dr, 0 <k < 1.
0 x‘i‘].

o0 1.2
Sin- xr
2. 5 dx
0 x

Solution.

1. We shall show that for 0 <a < 1

o .a—1
x T
dr = —
0o 1+x sin am

Nowlet a—1=—ksothata=1—-kand0<a<1<0<k<1. Thusfor0< k<1,

/°° x* T 7r
dr = — = -
o r+1 sin(1 — k) sinkr

We consider first of all C — {positive real axis} i.e. there is a cut along the real axis

for which = > 0 to make log z single valued. We choose that branch of log z for which
log z = logx when z = 2,2 > 0.
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For [ dz we take f(z) = 2~ and

0 14z 14z
the contour C' as shown in the figure. ~,
is a circle of radius r oriented clockwise,
and g is a circle of radius R oriented an-
ticlockwise. BC' is the line joining (r,0)
to (R,0), so is DE. We finally make
r — 0 and R — oo. Note that on BC

207t =2 Vand on DE 2% = (xe*™)o1,

a—1
(a) Clearly f(2) ': 12—1-2 |
z=—1=¢" of f(z2)is (e™)* L. Thus

has a simple pole at z = —1 inside the contour. Residue at

a—1

A
T:OOO c T2

dz = 2mi(—e™)
Note that z = 0 is excluded by the cut.
a—1 27 pa—1,i0(a—1) a—1
R ’ R*R
/ © dz’ = / G—Rieze d@’ < 2m
S 0 R—-1

1+ Re®
Here we use |z 4+ 1| > |z| — 1. Thus Rlim /
Tk

dz=0asa<1.

Za—l
142
(c) Similarly

Zafl a
/ dz| < 2
R o4 -
Zafl
because |z + 1| > 1 — |z|. Thus lim/ dz =0.
=0/, 1+z
Thus
a—1 a—1 $a71627ri(a71)
lim dz = lim dr 4+ lim —dx
TE:OOO cl+=z TE:QOO gcl+x TR:QOO DE 1+=x
o) xa—l 0 xa—l ]
= / dx —|—/ ey
o l+4+=x o 1+
ason BC, z =z and on DE, z = ze*™. Thus
o pa—l . .
/ (1 —e*™) dox = —2mie™
o 14+
or . 4
gzt ema —2i 7
/ dr = —2m — = T — = —
R U 1 — e?mia e~Ta —ema  ginarm
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Alternate proof: This avoids the use of multiple valued functions. In 1991, question
2(c), we proved

/ ¢ dr = T for0<a<1

o 1L+ €% sin am

00 ar 0 ¢ dt 00 ta_l
/ ¢ dr = / — = / dt
o Ilter o o1+ttt Sy 1ot

[ee} ta—l
me/' dt=—"— 0<a<l.
0

Put e = t, then

1+t  sinar
00 102 00 1.2
1
. Clearly / T g = —/ P e
0 _

x? 2 ) o x?
_ e?i:c
222
1— eZzz
therefore we take f(z) = 52 and
2z
the contour C' as shown. Finally we let

R — oo, r — 0. .
ACRO). B-r0)  Crno) D(R0)

sin? x

and is the real part of

(a) On g, 2 = Re? and
‘1 . e2iz| _ |1 . eQi(RcosOJriRsinG)’ <1+ ’e2i(RCOSH+iRsin9)‘ <2

because |e?Fs? =1 and |e~2#5% < 1 as sinf > 0 for 0 < § < 7. Therefore

1 — 2iz 2
/ 62 dz| < —7R = T
w27

~ 2R? R

1 2iz

and hence lim 62 dz=0
R0 Jyp 22
(b) Residue of f(z) at z = 0: Note that z = 0 is a simple pole, so the residue is
) 1 — 62722 ) 1 — eQiz ) _27:621'2 -
lim 2 = lim = lim = —1. Thus
z—0 222 z—0 A z—0
1— 21z
lim 62 dz=i(—i)(0 —7m) = —7

r=0 /. 2z

Here we have used the following property: If f(z) has a simple pole at z = a and
vy is a circular arc (part of a circle with center a and radius ), from 6 to s, then

lim / F(2)dz = ia_ (65 — )
Tr

r—0

where a_; is the residue of f(z) at z = a. See 1985, question 1(c) for more details
and proof.
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Thus

1 — 2miz © 1 2mix
lim —edz—/ —edx—W:O
R—o00 C 222 _ 2372

r—0 (e 9]

as there is no singularity inside C'. Taking real parts, we get

< sin? © gin? T
5 der =1m = 5 doe = —
_ x 0 x 2

[e.o]

Question 1(c) Obtain the Laurent expansion in powers of z of

1 sinh z

Solution.

1. Z—il is analytic in the annular region 0 < |z| < 1, so we have the Taylor series for ﬁ
valid in 0 < |z| < 1. In fact for |z| < 1,

1 -1 - n
2_1:—(1—2') :—Zz

n=0

2. smhz hag a simple pole at z = 0 and is analytic everywhere else. We have Laurent

series valid in |z| > 0:
o H2n+1

=0 2n—|—

smh z 1
2

z
n

z —Zz

e“+e
Note that sinh z = +T, which gives us the desired expansion.

Thus - e
z+zi1+smgz—z—22 + —2n—|—1)
or . .
z—l—Zil‘f‘Snglz—%—l +Z 2n+1<<2n% ) ;zzn
and this expansion is valid in 0 < |z| < 1. [
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