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Question 1(a) Let R be the set of all real numbers and G = {(a,b) | a,b € R,a # 0}. Let
x: G X G — G be defined by (a,b) x (¢,d) = (ac,bc+ d). Show that (G, *) is a group. Is it
abelian? Is (H,*) a subgroup of (G,*) where H = {(1,b) | b€ R}?

Solution.
La=(a,b)eG f=(cdeG=axfecG . ac#0whena#0,c#0.

2. (a,b) % (1,0) = (a,b.14+0) = (a,b). (1,0) * (a,b) = (a,0.a + b) = (a,b). Hence (1,0) is
identity of G.

3. (a,b) x (1/a,—b/a) = (1,b/a —bja) = (1,0). (1/a,=b/a) x (a,b) = (1,(—ab/a) +b) =
(1,0). Thus the inverse exists for every (a b) € G.

4. (a,b) % [(c,d) * (e, f)] = (a,b) * (ce,de + ) = (ace,bece +de+ ). [(a,b)* (c,d)]x (e, f) =
(ac,bc + d) = (e, f) = (ace,bce + de + ). Thus x is associative.

Hence G is a group.

G is not abelian: (¢, d) * (a,b) = (ac,da 4+ b). Thus if (a,b) * (¢,d) = (¢,d) * (a,b), then
bc 4+ d = da + b. This need not be true, for example if a =d =1,b = 0.

If (1,a),(1,b) € H, then (1,a) % (1,b) = (1,a+b) € H. (1,0) € H. Finally (1,a)"! =
(1, —a) € H, hence H is a subgroup of G. |

Question 1(b) Let f be a homomorphism of a group G onto a group G' with kernel H. For
each subgroup K' of G', define K as K ={x | =z € G, f(z) € K'}. Prove that
1. K’ is isomorphic to K/H.

2. G/K is isomorphic to G'/K'.
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Solution.

1. Let f*: K — K', f* is a restriction of f. f* is a homomorphism onto K’ (onto
because given y € K'jy € G' = Jr € G, f(x) = y. This ¢ € K.). ker(f') =
{z | = € K, f(xr) = €, the identity of G'}. ker(f*) C H, but H C K, therefore
flz) = f*(x) = ¢ for x € H. Thus H C ker(f*), that is H = ker(f*). Thus
K/H ~ K’ by the fundamental theorem of homomorphisms.

2. Let ¢ : G — G'/K’ defined by ¢(z) = f(z)K'. Now

e ¢ is a homomorphism: ¢(zy) = f(zy)K' = f(x)f(y)K' = f(o)K'f(y)K' =
¢(x)p(y).

e ¢ is onto: Let yK' € G'/K'. f is onto = there exists x € G such that f(x) = y.
Note that y € G'. Then ¢(x) = f(x)K' = yK'. ker(¢) = K " x € ker(¢) <
f@)K'=K'& f(z) e K' 2 € K. Thus G/K ~G'/K'.

Question 1(c) Prove that a normal subgroup H of a group G is mazimal < the quotient
G/H is simple.

Solution. Let G/H be simple. Let K be a normal subgroup of G such that H C K,
K # G. Then K/H is a normal subgroup of G/H. G/H is simple so K/H is identity or
K/H = G/H. If K/H is identity, then K = H. If K/H = G/H then K = G. Hence H is
maximal.

Conversely, let H be maximal. Let H’ be a normal subgroup of G/H. Assume H' is
different from the identity of G/H, i.e. H' contains at least one element different from the
identity of G/H. We shall show that H' = G/H, showing that G/H is simple.

Let n: G — G/H be the natural homomorphism. Then

n Y H)={r | x€G,nlx)=Hrc H}

is a normal subgroup of G. n~'(H’') O H. By assumption, there exists x € G,xH # H such
that tH € H = v € n~*(H') but x € H. Since H is maximal, p”}(H') =G = H = G/H.1

Question 2(a) In a ring R, prove that the cancellation law holds in R < R has no zero
divisors.

Solution. Let ab = ac = b = ¢,a # 0. Then R has no zero divisors because ab = 0 =
a0,a #0=b=0.
Conversely ab=ac=a(b—c)=0,a #0=b—c=0=b=rc. [
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Question 2(b) If S is an ideal of R and T any subring of R then prove that S is an ideal
of S+T={s+t | se€S,teT}.

Solution. The only thing we have to check is « € S+ T,a € S = «aa € S (the other
condition a,b € S = a—b € Sistrue). a = s+t,s € S,t € T, thus aa = (s+t)a = sa+ta € S
because s € S,a € S=sae S, teT=teRacS=taeS=sa+tacS. [ |

Question 2(c) Prove that the polynomial x* + x + 4 is irreducible over the field of integers
modulo 11.

Solution. If 2?2 4+ x 4+ 4 were reducible modulo 11, then it would have a linear factor i.e. it
would have a root in the field Z;;. But

r=0 = 0+04+4 # 0 modll
r=1 = 1+144 # 0 modll
r=2 = 442+4 # 0 modll
r=3 = 94+43+4 # 0 modl1l
r=4 = 164444 # 0 modl1l
r=5 = 254+5+4 # 0 modll
r=6 = 36+6+4 #* 0 mod]ll
r=7 = 494744 # 0 mod1l
r=8 = 644844 # 0 modl1l
r=9 = 81+9+4 # 0 modl1l
r=10 = 1004+104+4 # 0 mod 11
Therefore 22 + z + 4 has no linear factor in Zy;[z] so it is irreducible in Z;[z]. i
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